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A Set of Simple, Accurate Equations f o r  
* 

Circular  Cyl indrical  Elastic Shel l s  

by 
Jnk 

James G. Simmonds 

1. INTRODUCTION 

Circular  cy l ind r i ca l  e l a s t i c  s h e l l s  of constant thickness,  because 

they are t echn ica l ly  important and easy t o  analyze mathematically; and 

because they exhib i t  near ly  every type of behavior found i n  s h e l l s  of more 

complicated geometry, have been extensively invest igated throughout the  

h i s t o r y  of s h e l l  theory, especially wi th in  the  l a s t  35 years. 

uses  of c i r c u l a r  cy l indr ica l  s h e l l s  are too w e l l  known t o  be catalogued 

here .  Their  mathematics i s  simple because of t h e i r  simple midsurface 

geometry which makes t h e i r  governing equations,  i n  l i n e s  of curvature 

coordinates,  of the constant coef f ic ien t  type.  The many important phenomena 

displayed by the  equations of c i r cu la r  cy l ind r i ca l  s h e l l s ,  such as boundary 

l aye r s ,  the  degeneracy of boundary layers  near edges which coincide or 

near ly  coincide with midsurface asymptotic l i nes ,  the  inadequacy of equating 

t h e  two in-plane shear  s t r e s s  resu l tan ts ,  or  the  l imi ta t ions  of t he  

assumption t h a t  the  " inter ior"  behavior of the  s h e l l  is the  sum of a membrane 

and a n  inextensional  bending state, make c i r c u l a r  cy l ind r i ca l  s h e l l s  i dea l  

f o r  t e s t i n g  the adequacy of s impl i f ica t ions  proposed i n  general  s h e l l  

theory.  

The technica l  

* 
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I n  t h i s  paper w e  propose a new set of equations f o r  the l i n e a r  
- 

behavior of e l a s t i c a l l y  i so t ropic ,  constant thickness,  c i r c u l a r  cy l ind r i ca l  

s h e l l s  subject  t o  edge and surface loads. The f i n a l  form of our equations 

cons i s t s  of a s ingle ,  non-homogeneous, fourth order p a r t i a l  d i f f e r e n t i a l  

equat ion f o r  a complex-valued displacement-stress function, V ,  together  

with a u x i l i a r y  equations f o r  midsurface displacements, stress re su l t an t s ,  

stress couples, and e f f e c t i v e  Kirchhoff edge forces .  The chief v i r t u e  of 

these  new equations, as compared t o  o the r s  which have been proposed , i s  
* 

t h a t  they are a t  once concise and adequate. By adequate, w e  mean t h a t  f o r  

any given set boundary conditione,  the  so lu t ion  of t he  unreduced equations 

of any of t he  acceptable f i r s t  approximation s h e l l  t heo r i e s  
*.k 

w i l l  agree 

with the  so lu t ions  of our equations t o  wi th in  e r r o r s  inherent i n  the  stress- 

s t r a i n  r e l a t i o n s  of the first approximation theor ies  themselves, namely, t o  

wi th in  errors of O@/a) where h is the s h e l l  thickness  and 8 t he  midsurface 

radius .  

O u r  der iva t ion  starts from a set of equations f o r  a r b i t r a r y  s h e l l s  

f i r s t  proposed by Sanders 133 i n  1959. (An improved der iva t ion  of these  

equations,  employing an exact  de f in i t i on  of the modified symmetric shear 

stress re su l t an t ,  is given by Budiansky and Sanders i n  [&I.) 
Koi te r ' s  arguments f2] on the adequacy of ,  and the  e r r o r s  i n ,  Love's 

U t i l i z ing  

uncoupled s t r e s s - s t r a i n  r e l a t ions ,  we reduce the  Sanders' equations for  a 

c i r c u l a r  cy l ind r i ca l  s h e l l  t o  t w o  coupled four th  order  p a r t i a l  d i f f e r e n t i a l  

equations f o r  the  midsurface normal de f l ec t ion  W and a stress func t ion  F. 

One of these  equations has  a non-homogeneous pa r t  involving t h e  surface 

* 
With the exception of Novozhilov's [l], which w e  discuss  i n  sec t ion  2.  

* 
As defined by miter [23. 
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loads and t h e i r  i n t eg ra l s .  I n  the  reduction, t he  s t a t i c  geometric analogy 

-enjoyed by the Sanders' equations is preserved, which enables us t o  combine 

the t w o  equations for W and F i n t o  8 single equation f o r  a complex 

displacement-stress function 1. 

o r  i n  some cases the  first p a r t i a l  der ivat ive8 of these  variables, 

can be expressed i n  terms of W, F, and load i n t e g r a l s  alone. 

We f u r t h e r  show t h a t  a l l  aux i l i a ry  var iab les ,  

The claim t h a t  our reduced equations are adequate is based on the  

f a c t  t h a t  we make approximations only i n  those p a r t s  of t he  governing 

equations i n t o  which it  is necessary t o  introduce s t r e s s - s t r a i n  r e l a t i o n s  - 
namely, the  bending terms i n  the  equilibrium equations and t h e  extensional  

s t r a i n  t e r n  i n  t h e  compatibi l i ty  equations - and t h a t  the  approximations 

involve only neglect of t e r n  of the type N/a  compared t o  N or  neglect of 

terms of the type c/a compared t o  x ,  respect ively,  where M, N, c,  and x are 

t y p i c a l  stress couples, stress resu l tan ts ,  extensional  and bending s t r a i n s .  

This  means, f i r s t ,  t h a t  the e r r o r s  we introduce i n t o  the s t r e s s - s t r a i n  

r e l a t i o n s  a r e  consis tent  with the e r ro r s  a l ready contained i n  these  r e l a t i o n s  

because of t he  neglect of t ransverse shearing and normal s t r e s s  e f f e c t s  [2]; 

and second, t h a t  f o r  the extreme s t a t e s  of inextensional  bending and pure 

membrane stress, where it is known t h a t  indiscr iminate  neglect of O(h/a) 

terms i n  the  governing equations can lead t o  errors of 0(1) i n  the  f i n a l  

so lu t ions  , our  equations w i l l  lead to  so lu t ions  with errors of only O(h/a). 
* 

A summary of our f i n a l  equation8 bay'Ce found in..Section 7. . 

* 
We c i t e  an example of t h i s  i n  sect ion 2. 
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2. SIGNIFICANT DEPISLOPKENTS IH THE HISTORY OF CIRCULAR CYLINDRICAL SHELLS 

To place our r e s u l t s  i n  perspective, w e  have l i s t e d  i n  t h i s  sect ion 

var ious sets of reduced equations which, i n  our opinion, have marked a 

s i g n i f i c a n t  development i n  the  theory of c i r c u l a r  cy l ind r i ca l  s h e l l s .  No 

attempt has  been made t o  ind ica te  the method of der iva t ion  of these equations, 

nor have equations for  qux i l i a ry  quan t i t i e s  and boundary conditions been 

l i s t e d ,  although these  are ce r t a in ly  as important as t h e  reduced equations 

themselves. Also, f o r  s impl ic i ty ,  surface loads terms have been omitted. 

She l l  geometry and s i g n  convections f o r  displacements, loads, stress- 

re su l t an t s ,  and stress couples are indicated i n  f igu re  1. Below, and 

elsewhere i n  t h i s  paper, primes and do t s  denote, respect ively,  d i f f e ren t i a t ion  

with respec t  t o  the  nondimensional a x i a l  d i s tance  E - az, and the  angular 

va r i ab le  0 .  

The f i r s t  set of cyl indr ica l  s h e l l  equations general  enough t o  

include a l l  possible  states of ( l inear)  deformation, ye t  simple enough t o  

y ie ld  manageable solutions,appear t o  have been given by Love i n  the 3 

edition(19ZO)vfhis. t r e a t i 4 5 ,  pp. 574 f f ] .  (Also, [G, pp. 582 f f ] ) .  

rd  

From 

the  three exact force equilibrium equations expressed i n  terms of stress 

r e s u l t a n t s  and couples, Love obtained, v i a  a set of s t r e s s - s t r a i n  and s t r a i n  

displacement r e l a t ions ,  3 simultaneous equations f o r  the midsurface d i s -  

placements. I n  our notat ion,  Love's equations read 

2 
(2.1) 

1- v u;' + - 

l - v  1 h 2  1 h 2  l+v - [l+z 3 u;' + D+Z I u;' +2 2 

1 h 2 3-v + W' - 12 (;) [T w" + W"]' = 0 
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where v is Poisson's r a t i o .  

It seems curious tha t ,desp i te  t he  renown of Love's treatise, most 

writers c r e d i t  Fl'Ggge [7f' (1932) with having obtained t h e  f i r s t  adequate, 

workable, set of c i r c u l a r  cy l ind r i ca l  s h e l l  equations.  Cer ta in ly  t h e  w e l l -  

known texts  of Fliigge [8], Timoshenko and WoiGoGsHy-XriegEr f93, Novozhilov 

rl], VlassoY [lo], and Goldemreiser [ll], as w e l l  as t h e  two fundamental 

papers of Donne11 [123, r131, make no s p e c i f i c  mention of t he  above-cited 

equations of Love. This  oversight is probably explained by the f a c t  t h a t  

one gene ra l ly  a sc r ibes  t o  Love a se t  of equations based on h i s  f i r s t -  

approximation theory [6, p. 531) which assumes t h a t  t h e  two in-plane shear  

stress re su l t an t s ,  N 

of (2.1) to (2.3), Love distinguished between 

an  expression for N + N f r o m t h e  s t r e s s - s t r a i n  r e l a t i o n s  and an 

expression f o r  N - NgP from the moment equilibrium equation about t h e  

normal. 

* 
and N , are equal . However, i n  his der iva t ion  Q€? Q2 

and N ee ' Obtaining 
N 

E8 ee 

48 

It should be emphasized that,  i n  general ,  terms of r e l a t i v e  order  

i n  (2.1) t o  (2.3) cannot be neglected even though terms of r e l a t i v e  

order (h/a) were neglected i n  t h e  der iva t ion  of t he  s t r e s s - s t r a i n  r e l a t i o n s  

used i n  obtaining (2.1) t o  (2.3). 

U, = ( ) '  = 0, (2.1) t o  (2.3) reduce, as they should, t o  t he  two equations 

of r i n g  bending of plane s t r a i n  theory. 

these two equations, the  terms independent of */a) i d e n t i c a l l y  cancel, and 

the  following equation f o r  W is obtained. 

To cite an example, if w e  set 

If U is now eliminated between e 

(W"" +2w" + W ) '  = 0 (2 -4) 

* 
An example of t he  non-negligible e r r o r s  t h i s  assumption can introduce is 
given by Reissner [14), [lSf. 
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as being of r e l a t i v e  order 

. 
Had t h e  underlined term i n  (2.2) been omitted 

'(h/a)2, then t h e  last term i n  (2.41, which is non-negligible, would 

have erroneously been found t o  be zero, 

This  importance of apparently negl ig ib le  terms i n  (2.1) t o  (2.3), 

which is  by no means unique t o  t h e  Love equations, is c lose ly  r e l a t ed  t o  

problems of inextensional and p a r t i a l l y  inextensional deformation, and is  

one of t he  chief drawbacks i n  taking t h e  midsurface displacements as the  

dependent va r i ab le s .  A grea t  advantage of t h e  dua l  displacement -stress 

funct ion  approach used t o  derive the new set of equations proposed i n  t h e  

present paper is  t h a t  t h i s  small-term problem is completely avoided. 
* 

The popular FlGgge equations [7], [S, p. 2193 , i n  our notation, 

read 

l+v 1 h 1-v 2 
2 U;* + v W' +-(-) (1 W"- W")'=O (2.5) 12 a 

2 1-v l h 2  l+v u;' + W' - -( 3-v ) w"' 3 0 - [l +d;) 3 u;* + U" +- 24 a 2 ? 2 >  

w + u' + v u; e 

3- v 
2 "  

2 Note t h a t  t he  terms i n  (2.5) t o  (2.7) propor t iona l  t o  @/a) 

are considerably d i f f e r e n t  from the corresponding terms i n  (2.1) t o  (2.3). 

I n  p a r t i c u l a r ,  t he  term of r e l a t i v e  order &/a) 2 which must be kept i n  

order t o  ob ta in  t h e  equations of ring bending - t h e  underlined term in 

(2.7) - now appears i n  a d i f f e r e n t  place and i n  a d i f f e r e n t  form than it 

d id  i n  Love's equations. 

* 
The o r i g i n a l  papers of FlGgge [7] and Donne11 [121, [l33 were concerned 
pr imar i ly  with buckling problems, and t h e i r  equations contain a number of 
noa-linear terms. 
these  equations.  

Any re ferences  Ln this paper are t o  t h e  l i n e a r  p a r t s  of 
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A s i g n i f i c a n t  s impl i f ica t ion  of Fliigge's equations was proposed - 
by Donnell [121 i n  1933 i n  conjunction with a n  ana lys i s  of t o r s i o n a l  

buckling. 

a b l e  t o  obta in  the  s ing le  eighth order equation, 

By omitting a number of terme i n  FlGgge's equations, Donne11 was 

where 

i s  a la rge  parameter which appears constantly throughout t he  rest of t h i s  

paper. 

t h e  deformation p a t t e r n  has a c h a r a c t e r i s t i c  c i rcumferent ia l  wavelength 

small compared t o  the  rad ius  a. 

r ing  bending equation (2 .4)  as a spec ia l  case is  evidence of t h i s  l imi t a t ion .  

As Donnell himself indicated [12], (2.8) is genera l ly  v a l i d  only i f  

The fact t h a t  (2.8) does not include the  

To ob ta in  a more accura te  equation than (2.8), Donnell c13) i n  

1938 s t a r t e d  with a set of she11 equations i n  which h e  attempted, a t  the  

start, " to  include a l l  terms which might be s igni f icant" .  

these  equations t o  a s i n g l e  equation f o r  W without neglecting any terms 

along t h e  way and attempted t o  a sce r t a in  which term8 i n  t h i s  s ing le  equation 

could be neglected. 

fash ion  w a s  

He then reduced 

The "modified" o r  "extended" equation obtained i n  t h i s  

(2.10) 4 + W"" + 4p W"" = 0 ,8 + 2w...... 

which d i f f e r s  from (2.8) only by the add i t ion  of two terms. 

Although (2.10) now includes t h e  r i n g  bending equation (2 .4)  as a 

s p e c i a l  case, it s t i l l  contains another l i m i t a t i o n  pointed out t o  me by 

D r .  V. T. Buchwald. As shown i n  sec t ion  8, the extended Donnell equation 

(2.10) l eads  t o  a n  inco r rec t  ove ra l l  moment-curvature r e l a t i o n  f o r  a very 

long cant i levered  c i r c u l a r  cy l ind r i ca l  s h e l l  ac ted  upon by a net moment a t  

i t s  f r e e  end. 
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fa 1958 Morley [17f ,  seekin:: an equation which re tained the  
* 

-accuracy of Fl'igge's equations but the  s impl i c i ty  of Donnell's equation 

(2.8), proposed the  equation 

+(72+1)2 w + 4p4 W"" - 0 (2.11) 

Morley's equation containa seve ra l  notable imptownrents Over Doanell's 

extended equation (2.10). F i r s t ,  the necessar i ly  invar ian t  nature  of t he  

equation for W is more evident.  

bending as s p e c i a l  cases. And third, (2.11) can be factored into t he  form 

Second, (2.11) contains  both r ing  & beam 

which, among other  things,  tremendously s i r q l i f i e s  ca l cu la t iou  of t h e  roots 

of t h e  c h a r a c t e r i s t i c  polynomials which arise from solving (2.11) by 

separa t ion  of variables .  

!Ihe numerous cont r ibu t ions  of Soviet  writers to the  theory of 

c y l i n d r i c a l  s h e l l s  i s  out l ined  in chapter 111 of Wovoebilov's book [l). We 

mention here  two important, and relevant equations. * According t o  

Novozhilov [l, p. 901, Feinburg i n  19.36 proposed a aimplified equbtion of 

th'e form 

(2.13) 

where 'Q is a complex-valued dieplacement-strese funct ion defined by 

Y = W + i(2v2/E a h) F (2.14) 

The new S ~ b O l S  appearing in (2.14) are E', the  a i ry  stress funct ion of 

plane stress theory and E, Young'a modulus. Equation (2.13) w i l l  be recognized 

as nothing more than the  bas ic  equation of shallow s h e l l  theory spec ia l ized  

t o  a cy l inder  . Upon e l imina t ion  of E, (2.13) reduces t o  the  s impl i f ied  
* 

* 
By t h i s  time, FlGgge's equations had been reduced t o  a single equation f o r  W. 

Of courae, a t  the  tinre, Marguerre'e general  theory of shallow s h e l l s  [18] 
had not appeared 

* 
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Doanell equation (2.81, and thus suffers from the  same l fmi ta t ions  as t h i s  

'latter equation. 

t o  work with Feinburg's equation i m t e a d  of Donaell's. 

emphasizes the  basic  d u a l i t y  among the f i e l d  equations of s h e l l  theory known 

as the  s ta t ic-geometr ic  analogy (of which more s h a l l  be sa id  later). 

Nevertheless, there  are good reasons why it is  preferable  

F i r s t ,  (2.13) 

Second, as a consequence of t he  static-geometric analogy, t he  order  of (2.13) 

is, e f f ec t ive ly ,  ha l f  that of (2.8). '&is is espec ia l ly  useful  in simpli-  

fying the algebra i n  those cases where the  boundary conditione can be 

expressed in tenns of W and F alone. 

working with W and F (i.e., '!) instead of W alone, a number of a u x i l i a r y  

(e.g., see [19]). And third,  by 

formulas are greatly simplif ied.  For example, when using the  s implif ied 

Donne11 equations, the  only way t o  express the  a x i a l  stress re su l t an t  NF 

i n  terms of W alone is t c  xrite 

whereas, usisig the  Feinburg equations, one has, simply, 

2 a NF - F" (2.16) 

In 1946 Novozhilov fl, p. 1841 proposed a n  equation f o r  

c y l i n d r i c a l  s h e l l s  of ar 'c5trary cross-section which, spec ia l ized  t o  c i r c u l a r  

cross  sect ions,  reads in o * a  notation 

where 

(2.17) 

(2.18) 

and n and H ate bending 32rair.s. Note tha t ,  as ide  from the  d i f f e r e n t  s 9 
dependent var iable ,  (2.173 d i f f e r s  i o  form from (2.13) only by t h e  addi t ion  

of a s i a g l e  term, yet because of t h i s  term, (2.17) is appl icable  t o  both 

r ing  and beam bending, though (2.13) ie not. 
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Despite i ts  compactness and comprehensiveness, Novozhilov's 

equation has not received much a t t en t ion  in t he  Western l i t e r a t u r e .  

reason is the  r e l a t t v e l y  recent t r ans l a t ion  da te  of h i s  book (1959). 

Another may be that, in deriving (2.17), Nwozhilov begins by epecial ie ing 

t o  cy l ind r i ca l  she l l s ,  a set of equilibrium-compatibil i ty equations f o r  

a r b i t r a r y  she l l6  [I, Eqs. (16.10)1 into which he has introduced the  assumption 

t h a t  t he  in-plane shear  stress resu l t an t s  are equal [l, Eq. (16.4)]. Hauever, 

it tu rns  out that, f o r  c i r c u l a r  cy l indr ica l  s h e l l s  at  least, this assumption 

is unnecessary, i f ,  in Eqa. (40.3) of E l ] ,  one take6 

One 

(2.19) 

Final ly ,  we mention a recent paper by Lukaeiewicz [20] in which 

an attempt is made t o  reduce the  equations for a r b i t r a r y  s h e l l s  t o  $00 

coupled equations f o r  W arc! anb i ry - type  stress fnnct ion F. 

c y l i n d r t c a l  she l l s ,  L u k ~ s i e v i c z ' s  equations reduce t o  

For c i r c u l a r  

A @ F + a W - O  

where 

1 and A = - w3 
D"iT&z) Bh 

(2.20) 

(2.21) 

(2.22) 

Upon el iminat ion of F, (2.20) and (2.21) reduce t o  Motley's equation 

(2.11)- 

(2.21), t h e  most iuportant  shortcoming i n  Lukasiewice's r e s u l t s  a r e  h i s  

a u x i l i a r y  equations, which can e a s i l y  be shown not t o  be universa l ly  

appl icable .  

While one m i g h t  c r i t i c i z e  t h e  lack of symmetry between (2.20) and 

Two of t h e  objectionable aux i l i a ry  equations are 

and 
MFs= HQe D(1:v) I?'*. f20, Eqa. (3.&16 and 

(2 2 3 )  

(2.24) 
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Reissner's ana lys i s  of t he  s p l i t  tube under t o r s i o n  C141 r lS]  shows that 

(2 .23 )  is unacceptable,and it is not d i f f i c u l t  t o  construct  another problem 

t o  show t h a t  (2 .24)  is  genera l ly  Incorrect.  

The new reduced equation for  c i r c u l a r  c y l i n d r i c a l  s h e l l s  proposed 

in t h i s  paper is 

36 y + V" t Y" - i 2 W  2 Yr ' '  - 0 (2 .25)  

where I is  given by (2.14) and X can be any a r b i t r a r y  O(1) constaat .  Thus 

our equation resembles an amalgam of t h e  r e s u l t s  of Feinburg, Novozhilow, 

and Lukasiewicz: our coq lex  displacement-strese funct ion f i s  the  same as 

Peinburg's; the form of (2 .25 ) ,  with X * 0, is i d e n t i c a l  t o  Novozhilov's 

(2.17); and we have a t t e sp ted ,  as has Lukasiewicz, t o  extend the  use of the  

bas i c  va r i ab le s  of shallow shell theory, W and F, t o  aon-shallow c i r c u l a r  

c y l i n d r i c a l  s h e l l s .  

A br i e f  comparison of our equation (2 .25 )  and Novozhilov's (2.17) 

is of i n t e r e s t .  The grea t  advantage of Novoehilov's equation is t h a t  it 

e a s i l y  genera l izes  t o  a r b i t r a r y  cy l ind r i ca l  s h e l l s  while ours does not . * 
On 

t h e  o the r  band our d e p e d e n t  var iab le  I, being e s s e n t i a l l y  a twice in tegra ted  

form of Novozhilov's dependent var iab le  y, seems more convenient for the  

app l i ca t ion  of boundary conditione.  

provides a ready comparison w i t h  t h e  s tandard form of t h e  shallow c y l i n d r i c a l  

s h e l l  equation, (2.13). 

Moreover, t he  form of our equation 

3. THE SAIElEEZS' ZQUATIOPJS FOR A CIRCULAR CYLINDRICAL SRELL 

Special ized t o  a c i r c u l a r  c y l i n d r i c a l  s h e l l ,  the  f i e l d  equat ions 

of t h e  Sanders' theory [ 3 , 4 ] ,  i n  the nota t ion  of f igu re  1, cons is t  of t h ree  

* 
I n  fact , some unpublished ca lcu la t ions  ind ica t e  t h a t  only the  equat Ions 
of shallow, (nearly) spherical ,  and (nearly) c y l i n d r i c a l  s h e l l s  can be 
reduced,without l o s s  of general i ty ,  t o  two coupled equat ions f o r  t he  
normal de f l ec t ion  on a streae function. 



- exact reduced force equilibrium equetions 

1 2 a@' + S') - 5 To + a pe = 0 F 

12 

(3. la) 

(3. lb)  

(3 .1~)  2 
Mi' + ZT'* +Pi" - a N + a  p * 0 Y 
1 8 0 

s i x  exact strain-displacement re la t ions  

(3.2a, b) 2 , a K -Wow + Ui 2 
9 

a H = -W" 
4 

a c  = U t  a - Ui + W (3.3a, b) 
5 5  J 

(3.3c) I 
a y - p ( U ;  + Uk) ? 

plus a set of approximate s t r e s s - s t r a in  r e l a t ions  which, f o r  an  e l a s t i c a l l y  

i so t rop ic  she l l ,  can be taken i n  the form 
* 

(3 .4ay b) 

(3.4c,d) 

(3.4e, f )  

where A and D are defined by (2.22). 

I n  (3.1) and (3 ,4 ) ,  S a n d T  are, respect ively,  a modified 

shear stress resu l t an t  and a modified 

defined by Budiansky and Sanders [4] in terms of the conventional uneynnnetric 

stress re su l t an t s  and couples a s  follows: 

twist ing stress couple, 

* 
When we wish t o  dis t inguish  between (3.4a,c,e) and (3.4bYd,f), we s h a l l  
refer t o  the  former as the  force-extension r e l a t i o n s  and the  lat ter as the  
moment-curvature re la t ions .  
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(3.5) 

For a complete eystePr, the above equatfons must be supplemented by 

boundary conditions. 

of the edge loads, 

panel of nondimensional length F = .F and angular width r= a. Then, 

These oray be read off from the  expression fo r  the work 

&nE. Aosrnae f o r  s impl ic i ty  tha t  we are deal ing with a 

with the displacemeats s a t i s fy ing  the  Kirchhoff hypothesis, we have 
t. 

0 0 

+ r [N U + ...I df + $  [N U + ...I de 
8% a 5 0  Em0 *- a e 8. 

where - ‘ps - - a - l  W’ ’ Y3 = - a ‘@*-u8) 

a re  the  edge ro ta t ions  aud 

Sf - + a - l  MFo ’ sq = Nop (3.9a, b) 

= Q? + 8-l M* , Re = Q, + a M’ (3.10a,b) 

- i 
-1 

f s  s e  

a r e  the  e f f ec t ive  Kirchhoff edge forces.  

var iables ,  (3.9) and (3.10) can be expressed exact ly  as 

In terms of the Budiansky-Sanders 

= s + $ a - %  , s = 6 : -  2 1 a-l T (3.11a’b) s5 9 

- a”(M* + 2T’) (3.12a,b) 
-. Re 0 R4 - a-’(M: + 2T’), 



Thus a t y p i c a l  stress bouudary condition, say RF = i g ( R ) ,  reads, i n  

expanded form, 

(3.13) 

where a bar denotes a prescribed quaa t i ty  

4. COMPATIBILITY CONDITIONS. TEE STATIC-GEOHETRIC ANALOGY. AND 

STRESS FUNCTIONS 

While t h e  equations of t h e  preceeding sec t ion  are a complete set, 

a more synrnetric formulation is possible  u t i l i z i n g  t h e  Goldenveizer-Lur'e 

[ l l ~ 8 t a t i c - g e o m e t r i c  analogy . The stat ic-geometr ic  analogy permits t he  

governing equations t o  be s t a t e d  i n  a concise and elegant  form, and i n  

many cases  (but not all!), the  order of these  equations is thereby halved. 

In our reduct ion of t h e  Sanders' equations f o r  t h e  c i r c u l a r  c y l i n d r i c a l  

s h e l l ,  t h e  s ta t ic-geometr ic  analogy s h a l l  be exploi ted f u l l y .  

* 

Since the  6 extensional  and bending s t r a i n s  are expressable i n  

terms of the  3 midsurface displacement components, they  cannot be spec i f ied  

independently, but must s a t i s f y  compatibi l i ty  conditions.  

(3.3) these follow as 

From (3.2) and 

(4. la)  1 a(-%' + 7 ' )  + ?  yo  = 0 
9 

(4. l b )  

(4. IC) 

= p - 0 and make t h e  following correspondence of var i ab le s  *e 

x C ) J  

If we set pe = 

( the s ta t ic-analogy) ,  

Np - - x y  s - t  (4.2a, by c) 

y P - T  (4.3a, b y  c )  6 k M  

N, - 
3 

4 '  0 '  9 s c + M  5 
. .  

-. 
N o t  a l l  of t h e  linear she11 equations proposed in t h e  l i t e r a t u r e  admit a 

static-ge-tric analogy. The general form of those which do is given i n  c43. 
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then (3.1) and (4.1) become ident ica l .  
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When the  s t r a i n s  are expressed i n  terms of the displacements, 

equations (4.1) are i d e n t i c a l l y  s a t i s f i e d .  Let  p a r t i c u l a r  so lu t ions  of 

(3.1) be given by the surface load in t eg ra l s  of membrane theory. 

follows from the  s ta t ic-geometr ic  analogy that i f  w e  introduce the following 

correspondence between displacements and stress funct ions 

It then 

the  reduced force  equilibrium equations w i l l  be i d e n t i c a l l y  s a t i s f i e d  i f  t h e  

stress r e s u l t a n t s  and couples are expressed as follows. 

3 a2 NS - F" - He + a f [ (p" + pb) d 5 - pc] d 4 (4. Sa) 

a2 s = 

St re s s  

forces  S S 
5' !? 

(4.5b) 2 3 a NQ = F a '  + a  p 

(4.5c) 3 1 - F" + - 8' - - H' 
4 0  4 5  

a N, = H' + F, a K  SH; (4.6a,b) 

a T = - +I' + HS) 
- 9  e >  

( 4 . 6 ~ )  
2 6 ,  

function representat ions f o r  t he  e f f e c t i v e  Kirchhoff edge 

RE, and R are a l s o  of i n t e r e s t .  These follow f r o m  (3.11), 
8 

(3.12)' (4.5) and (4.6) as 

(4.7b) 3 - B~)' - a I' (p" + p i )  d F a SF) = -(Fa v 
2 

(4.8a'b) 

A f u r t h e r  d u a l i t y  among the f i e l d  equations is exhibi ted by the  

s t r e s s - s t r a i n  re la t ions .  Observe that if w e  introduce the  correspondence of 
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elastic constants 

A e - D ,  Y e -  v (4.9aYb) 

and use (4.2) and (4.3), then the  pa i r s  (3.4a,b), (3.4c,d), and (3.4eYf) 

become i d e n t i c a l .  

5 .  REDUCTION OF TBE SANDERS' FIELD EQWTIONS 

We now proceed, with the  a id  of  c e r t a i n  arguments of Kotter [2!, t o  

reduce the  Sanders' f i e l d  equations t o  two coupled four th  order  p a r t i a l  

d i f f e r e n t i a l  equations f o r  t he  normal midsurface de f l ec t ion  W, and the  stress 

funct ion  F. 

combine these  two equations i n t o  a s ingle  equation f o r  a complex displacement 

stress function Y .  

one used i n  shallow s h e l l  theory. 

Because of t h e  static-geometric analogy, w e  s h a l l  be ab le  t o  

The reduction is straightforward, and analogous t o  the  

We begin with t h e  reduced norms1 force  equilibrium equation, 

2 M" + 2T" + M i *  - aM + a p = 0 
X e 

As noted before, t h i s  equation becomes i d e n t i c a l l y  s a t i s f i e d  when t h e  stress 

r e s u l t a n t s  and couples a r e  expressed i n  terms of stress funct ions  and 

load integrals. .If instead, we'expreie the  et res^ couples i n  - 

terms of displacements via the  moment-curvature relations (3.4bYd,f) and 

strain-dlsplacemeat r e l a t i o n s  (3.2), but leave 

then (5.1) can be w r i t t e n  

. .  

i n  terms of F and p, NR 

D$+W + f(u5, u w); + a F" = o 9' 
where 

f(UE, us' W) - z (1 -v )  1 u;" - $3-v) u;'. - U"' 8 

By use of t h e  strain-displacement r e l a t i o n s  (3.2a) and (3.3), and the  

compat ib i l i ty  equation ( 4 . 1 ~ ) ~  we can write 



The following, more general  form of 

by an a r b i t r a r y  constant X and added t o  (5.4): 

f is  obtained i f  (4 .1~)  is mult ip l ied  

- -~ ~~~~ ~ 

We now come t o  t h e  c r u c i a l  argument i n  our reduction. 

w e  e t a r t e d  with t h e  set of s t r e s s - s t r a i n  r e l a t i o n s  

We observe t h a t  hzd 

(5.6a) -1 M 3 Drx, + v X - a 1 Eo] s Q 

(5.6b) -1 -1 Mo = D[w + v x 4  + a (2-1-v)  - a eo]  
T - 

1 -1 T - D r ( 1 - v ) ~  - 5 a (3-21-v) y ] ,  ( 5 . 6 ~ )  

instead of (3.4b,d,g), then  t h e  underlined terms i n  (5 .5 )  would have been 

i d e n t i c a l l y  zero. Now t h e  s t r e s s - s t r a i n  r e l a t i o n s  i n  any first approximation 

s h e l l  theory including Sanders' are obtained fran the  s t r e s s - s t r a i n  r e l a t i o n s  

(or  t h e  s t r a i n  energy function) of three dimensional e l a s t i c i t y  by invoking 

t h e  Kirchhoff hypothesis o r  some equivalent, such as t h e  assumption of a 

state of three-dimensional plane s t r e s s .  

e r r o r s  one introduces i n t o  t h e  s t r e s s - s t r a i n  r e l a t i o n s  of s h e l l  theory by 

t h e  adoption of t he  Hirchhoff hypothesis are of the  same order of magnitude 

as those one introduces by replacing a bending s t r a i n  term of t h e  type H 

by a term of t h e  type 

constant of 

l i ned  terms i n  (5.5) and (5.6), and therefore  t o  take  (5.2) i n  t h e  s impl i f ied  

form 

But miter [2) has  shown t h a t  t he  

x + O(c/a). Thus, assuming X t o  be an a r b i t r a r y  

0(1), we conclude t h a t  it is cons is ten t  t o  neglect t h e  under- 
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To obta in  a second equation r e l a t i n g  W and F, w e  give an  analogous 

treatment t o  t h e  t h i r d  compatibil i ty equation, 

Expressing the extens iona l  s t r a i n 6  in terms of stress funct ions  and load 

i n t e g r a l s  via (3.4a,c,e) and (4 .5 ) ,  and setting 

(5 .8 )  reduces t o  

2 a ne = - W", we f ind t h a t  

where 

(5.10) 

+ (2  + v) PI; + f Pi" d 5 d 5 

and where f 

as defined by (5.5). 

i s  p rec i se ly  the  s ~ m e  function (but vLth d i f f e r e n t  a r g w n t s )  

By v i r t u e  of t h e  static-geometric analogy, it follows tha t  Koi te r ' s  

arguments a l s o  imply t h a t  the e r r o r s  we introduce into t he  force-extension 

r e l a t i o n s  (3.4a,c,e) by replacing terms of the t-lpe 

type N + O ( M i a ) ,  

contained i n  these  equations as a consequence of t h e  Kirchhoff hypothesis. 

Thus we conclzde t h a t  it is cons is ten t  t o  set 

N by terns of t h e  

are of t he  same order of magnitude as the  e r r o r s  a l ready  

f ( Y s ,  HQ, F) = F" + 1 F"' , (5.11)* 

* 
We could choose the  e r b i t r a r y  constant in (5.11) C i f f e ren t  frcm t h e  cgnstant 
X in ( 5 . 5 ) .  For symnetry, however, w e  do not. 
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whereupon (5.9) reduces t o  

Equations (5.7) and (5.12) a re  the  two coupled fou r th  order 

equations w e  set out t o  derive.  They may be expressed i n  a more concise 

form by d iv id ing  (5.7) by D aad then adding t o  it (5.12) mul t ip l ied  by 

i(AD)-? . 1 
This yie ld6  the  s ing le  equation 

where 

Y = w + i,m B 

(5.12) 

(5.13) 

(5.14) 

(5.15) 

A number of remarks are now i n  order. F i r s t ,  we reiterate t h a t  

t h a t  t h e  only place w e  have introduced approximations is i n  the stress-straia 

r e l a t i o n s ,  and t h a t  these  approximations have been cons is ten t  with the  

approximations inherent i n  t h e  s t r e s s - s t r a i n  r e l a t i o n s  of any f i r s t  approx- 

imation s h e l l  theory. 

Second, even though it is consisten: t o  set N "-Ne+ ()(&;/a) and 

i n  the  s t r e s s - s t r a i n  r e l a t ions ,  t h i s  does not necessar i ly  n X x  + O(c/a) 

imply t h a t  N > > O(M/a) or fc > > O(c/s). For example, i f  a state of 

inextens iona l  bending occurs (such a8 r i n g  bending), we have, generally,  

N = O(M/a); consequently, t he  uncoupled force-extension r e l a t i o n s  (3.4a,c,e) 

cease t o  have any meaning. But t h i s  makes sense, for it shows t h a t  i t  is  

not incons is ten t  t o  have zero extensional strains but non-zero stress 

r e s u l t a n t s .  Inc identa l ly ,  the  f a c t  t ha t  the  coe f f i c i en t  of A i n  (5.9) 

contains relative e r r o r s  of 0(1) for inextens iona l  bending is  inconsequential, 

since,  necessar i ly ,  inextensional bending occurs only i f  t h e  W-tern on 

t he  l e f t  hand s i d e  of (5.9) dominates. 
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Third, t h e  way i n  which we have introduced the  load i n t e g r a l s  is 

An alternate way which may be usefu l  when t h e  t angen t i a l  not unique. 

loads are der ivable  from a po ten t i a l ,  i.e., when 

is t o  def ine  a new 8tress funct ion  

Then (5.7) and (5.11) read 

(5.16) 

(5.17) 

I n  t h i s  form, the  reduced equations resemble the  equations of 6hallow s h e l l  

theory, with the  exception of t he  terms with a dashed underline. 

Fourth, our freedom i n  choosing t h e  constant k is use fu l  both i n  

simplifying algebra and i n  comparing our  equations with those of o the r  

writers. For example, i f  f o r  a cy l ind r i ca l  s h e l l  complete i n  the  4 - 
d i r e c t i o n  w e  assume a product so lu t ion  of t he  form 

Y ( ~ , Q )  - e%os ngi n = 0,1,2, ... (5.19) 

then  t h e  choice A = 0 gives t h e  simplest poAwomia1 f o r  p except f o r  

n 1, in which case the choice 1 = 2 leads t o  t h e  simplest polynomial. 

To compare (5.13) t o  o ther  reduced equations which have been proposed, 

we first s e t  1. = 0 .  

i n  form t o  an equation proposed by Novozhilov. 

2, t h e  dependent va r i ab le  in Novozhilov ' 8  equation is 

The homogeneous p a r t  of (5.13) i n  t h i s  case i s  i d e n t i c a l  

However, a5 noted i n  s e c t i o n  
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We now set 1 = 1, write (5.13) as two real equations, and 

e l imina te  F between them, obtaining thereby 

#(?+1j2 w + 4% u'I~' 

( 5 . 2 0 )  
3 

* 
which i 8  t h e  equation proposed by Morley [17] 

bas i s .  

on a n  admittedly ad hoc 

Fina l ly ,  let u6 8es i f  it is poss ib le  t o  reduca our equations t o  

t h e  extended Donne11 equation, (2.13). Since p r e s e r v k g  t h e  static-gzomettic 

analogy Is of no concern here, we can obzain mcre flexibility by taking 

t h e  a r b i t r a r y  0(1) cons tan ts  I,n (5.12) and (5.13) t o  be d i f f e r e n t .  Calling 

t h e  conetant i n  (5.121 A,, elimlnatLng F between (5.7) and (S.ll.), and, 

€or  s inp l icZty ,  s e t t i n g  P = 0,  we ob ta in  the equation 

4- (X 4- 1,) W"'. + A h ,  w"" = 0 (5.215 

from which It is c l e a r  t h a t  no choice of 1 and A, w i l l  y i e ld  the  extended 

Eonnell e q u t i o n  (2.10). 

6. FORMULAS FOR AUXILUJti VARUBLRS 

I n  this sec t ion  s i a q l i f i e d  formulas a r e  developed for t3:e a u x i l i a r y  

N5, it S, S S R f ,  E9, ME;, MQ, and T. Formulzs f o r  
5' ury ?' Z' 6' 

var i ab le s  U 

..., -f SSP, genera l ly  of aecoadbry i n t e r e s t ,  but, if needed, can %' 

* 
MDrley aeoumed p 5 - P, - 0 .  
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be e a s i l y  obtained frm t h e  above formulas by t h e  Lta t ic -geo&tr ic  analogy 

(with due regard for  load in t eg ra l s ) .  

acd E4 and the  first de r iva t ives  of U 4' UFI' s, SZ' Sa' and T can be 

expressed e a t f r e l y  in terms of W, E', and load in t eg ra l s .  It is here  

t h a t  we d i f f e r  with Lukasiewice [20] whose r e s u l t s  imply t h a t  & the stress 

variables can be expressed in undi f fe ren t ia ted  form in terms of W, P, a d  

load i n t e g r a l s .  

convenience. 

ME' %3e find t h a t  Ne, NQ, %, RR, 

0' 

The expzeesione below have been derived in order  of 

An order ly  surmnary of these r e s u l t s  is g2ven i n  Section 7. 

Consider first t h e  moment-displacement r e l a t i o n s  €or M, and MR: 

M -D(x + v u )  Y MQ D(x + v x 5 >  (3,4b, d) ' 
-. 

9 5 f 0 

XE = - w" 2 a 2 
a x  9 Y 

Using (3.3b) w e  can write 

2 x - -(W" + W) $. 
Fl 

As it stands,  (6.1) cannot be eimplified by - 

PI - W" + u' 
9 

(3,2a, b) ' 

a €  (6  1) n 

dropgfng ae as compared t o  e 
I 

a 

(3.4) are s t r e s s - s t r a i n  relatiom which, by Koi ter ' s  arguments, a l ready  

neglect terns of t h e  same type. 

ne. Hcwever, o m e  (5.1) fo introduced i n t o  (3.4),c: can.'* ueglected eince 
0 -  

Thus w e  may s e t  

(6.2a,b) a% = - D[W'*+v(W"+W)], a 2 M = - D[W"+Wtv W"] 5 9 

Consider next N and N Equation (4.5b), r: 0 .  

i s  adequate as is. Sy use of (4.6a), (4 .5a)  can be w r i t t e n  

2 3 a N = F" + F - aM -t a 1 [ (p" +- p i )  d F - pF] d c s 

(4.5b)' 

(6.3) 

If (6.2a) i s  introduced, (6.3) reads 



* = F" + F + (D/a) [U" + v(W" + W ) T '  a *E 
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which is t he  desired form. It is important t o  emphasize t h a t  i n  (6.3) we 

2 2 a Ne + aM Z a  NE - cannot set since (6.3) ts not a stress-strain r e l a t i o n .  - 5 
Consider next the  moment-curvature r e l a t i o n  for T: 

T D ( l  - V ) T  (3.4f)' 

Subs t i t u t ion  of t h e  exact equation f o r  T , (3.2c), i n t o  (3.4f) gives T i n  

' terms of U f #  Up, and W. Two simpler forms for T are possible.  Using 

(3.3c), we can a l s o  write, t o  within negl ig ib le  terms involving y, 

a 2 T = -(l-v) D(X*-UQ)' or a 2 T - - ( l -v)  D(w'+UE)', (6.5a,b) 

but in no way is it  possible  t o  express T in terms of W alone. However, 

it is possible t o  express T' and T' i n  terms of W alone. Since (3 .45)  

is a s t r e s s - s t r a i n  r e l a t i o n  we may add t o  T the  negl ig ib le  term - 5 y/a. 

Then, using the  compatibi l i ty  equation (4.lb),  and (3.2a), we can wr i t e  

3 

a 2 T' = a  2 D(l - v) ( 7  - y 3 y/a)' - 

SJ - D ( l  - V )  W"' 

where, again,  we have used t h e  f a c t  t ha t  

t o  neglect the  underlined term i n  the second l i n e .  

( 6 . 6 )  is a s t r e s s - s t r a i n  r e l a t i o n  

In an analogous way we can write,  with the u8e of (4.la) and (3.3b), 



24 

a 2 T' - a  2 D(l - v) ( r + z  1 y h ) '  - 

Note t h a t  i f  we s u b s t i t u t e  (6.2) and (6.6) i n t o  (5.1), we obta in  a form 

of ( 5 . 7 )  corresponding t o  - v whereas i f  w e  s u b s t i t u t e  ( 6 . 2 )  and (6.7) 

i n t o  (S.L), we get a form of ( 5 . 7 )  corresponding t o  1 - 2-v. Since h 

can be any a r b i t r a r y  

(6.6) and ( 6 . 7 )  (i.e.,  t h a t  

3(1) constant, t h i s  shovs t h a t  the discrepancy between 

T" # TOi) is of no importance. 

With (6.6) and (6.7) i n  hand, expressioas for the renaining var i ab le  

follow readily. From (3 .12) ,  (6.2), (6 .5 )  aild (6 .6 )  we have, 

a3Z8 = - D[W" + w + (2-v) W")' (6.9) 

Consider next (4 .5c) ,  ignoring f o r  t h e  moment the  load in t eg ra l s :  

2 
a s =  

There is no way i n  which 

but several equivalent forms 

following two. Using (4.6~) 

S 

a 2 S - (  

3 L-<P + RJ - a T 
2 

(6.10b) 

may be expressed i n  terms of F and W alone, 

for S are possible,  of which we note the 

we can  write, i n  place of ( 4 . 5 c ) ,  

( 6 .  loa) (-(Po - En)' + ?  1 a T 
c 

so t h a t  by s u b s t i t u t i n g ,  respectively,  (6.5a,b) f o r  T i n t o  (6.10a,b), and 

r e s to r ing  t h e  load i n t e g r a l ,  we g e t  e i t h e r  



2 1 a S - - [F' - Hq +$l-v) (D/a) 

o r  

2 3 a S = - [P' + HE - ~ ( 1 - v )  @/a)  
d 

It is possible,  however, t o  express S' 

load i n t e g r a l s  alone. U s i n g  the reduced 

(3.la,b),  we f i r s t  wr i te  

2 2 1 a S o  = - a  N [ + z  
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(6.11a) 3 <W*-V,)]' - a f (p"+pi) d5 

and So in terms of W, F, and 

force equilibrium equations 

(6.12) 3 
p5 a T ' - a  

(6.13) a s ' - -  2 ( a N p + T a T ' + a M ' + a  2 3 3 p ) ,  
F) s 

and then st rbst i tute  f o r  Ne, No, T' and T' (4.5b), (6.2b), (6.4), (6.6), 

and (6.7). This gives  

and 

2 1 3 a S' - {P" - (D/a) [W"+ W + ~ ( 3 - v )  W"] 1' - a (p'+pg) 

(6.15) 3 w - TF" - (D/a) ( W o o  + W)l' - a (p'+ pg) 

It is permiseitle t o  neglact t ha  underlined term i n  {6.1!5) compared t o  

F" since (5.7) ind ica tes  t h a t  the so lu t ion  for .F" w l l l  coctain e r r o r s  

of O(D?a W') .  

The last stress variatlr io to be considered are the  e f f e c t i v e  

and S Undiffsrent ia ted expressions f o r  S KirchkoZf shesr forces ,  

and S i n  terms of W, F, and ioad i n t e g r a l s  alone a r e  not possible,  but 

d i f f e r e n t i a t e d  ones are .  There follows from (3 . l a j ,  (3.9b), acid (6.4) 

SF 9' s 
LI 

(S. 16) 2 2 3 
a S ' = - a N F  9 - - a P 5  
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and from (3.1b), (3.3a1, (4.5b), and (6.2b) 

2 2 3 
a S ; = - a N * - a I $ - a p q  - 9 

3 = - r F r t  - (D/a) (I?*'+ W + uW")]' -a (?'+ p ) 
9 

"N - [ F r l  - (D/a) (Woo+ W)]' - a 3 (p'+ pe) (6.17) 

&ere, as before, the underlined term may be neglected compared to 

virtue of (5 .7) .  

expreasiocs for  S '  an3 S I .  Prom (4.7), (4.8), (6.8) a d  ( 6 . 9 )  there 

f o'llows 

P" by 

&re useful  for the statement of  boundary conditione are 

5 0 

2 3 a S l  c = - F".- E;*- a $ (p'+ pg)" dg 
3 

3 = - {P"+ P 4- (D/a) [W'* + ( 2 - v )  (w"+ W)] 1' - a ( p o i  p,)"dc 

(6.18) 
// 

where the unber'linzd term i n  (6.19) ccn be neglected. 

that for the purpose of expressing boundary conditions in terns o f  

F, i t  may be simpler t o  U E ~  the exact exprwgion f o r  S '  given by the 

second l i n e  of (6.19).  

Ve note, hQwever, 

W and 

.P 
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It remains t o  obta in  expressions fox t h e  t angen t i a l  midsurface 

. Undifferentiated forms for U and U are and Ue 4 0 5 displacements U 

r-ot possible. Expressions for U' and U' follow from (3.3a,b), (3.4a9c), f Bi, 

(4.5b), and (6.3) as 

- a e = a A(N,-v N ) u; 5 a 8  
-1 

- I 1  A(N + a Mp - v Ne' s 

2 - @/a) (Po*+ F - v P") + a A { f [ (PO'+ p')  dS - pgFdf  - vp) 

(6.20) 
e / 

= - W + (A/a)[Ft6- v(Ir"+ F)f + a 2 A 1 p - v f' (p"+ pk)dS-p,]dq' 
i 
(6.21) 

when obviously negl ig ib le  terms have been added i n  t h e  second l i n e s  of ( 6 . 2 0 )  

and (6.21;. 

Displacement bc,urdsry coaditions for UF or  Vg along an  edge - 
5 = constant o r  8 = constant, respectively,  may s f t e n  be s h p l f f i e d  by 

e x p r e s e h g  them in terms of U;' or  U". For U" we hive  
9 f 

= W' C 2 a y o  - a e '  by (3.3b) 8' 

= W' - a A[h" - v Ni - 2 ( 1  + v) S O ] ?  by (3 .4c , e )  9 3 
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[Ne+ (2+v) NC]' - 2(l+v) a 2 A plr, by (3.la) 
> 

%Id1 - a A [Ne+ (2Sv) (N 4- HF/a. ) I '  - 2(l+v) a 2 A pc 
Y d  - 

by (4.Sb) and (6.3). 

y i e l d s  as t h e  f inal  expression for U" 

A similar set of s u b s t i t u t i o n s  and approximatione 

0 ,  

VI= - (Ala)  [(2+v) Ft '+  F"+ F]' 
9 

7. SllMMARY OF EQUATIONS 

Below,we summarize the s impl i f ied  equat ions der ived i n  sec t ions  

5 and 6. 

whFch,because they involve s t r e s s - s t r a i n  r e l a t ions ,  are not exact .  

An "approximately equals" sign, N - , has beeu used i n  tihose equat-ions 

Basic Equation 

v4 Y + Y O * +  1 y r t l  - i 2p  2 y" 

* *  dS + (2+v) P 2  JJ PF'dSd?J(7.1) s p< W - i2p2a2A.[+( fJ p d 5 d z )  + vp' - 5 

- 
'? = W $. i u'A/D F 

X = a r b i t r a r y  , 0(1) constant.  

p4 = 3(1-v2) (ah)2 (7.2.2 , b) 
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I 

Auxiliary Equations 

Stress Resultants 
---------------e- 

a2N % F" $. F + (D/a) fW" + u ( W ' * . f w ) ~  5 

2 3 a N  = F " + a p  
A 

(7.9a) 



2 3 a S = -(F'- Eo)' - a 3 (p'+ p9) d E 

a S' = - P"*- a R - a (p'+ pQ) 

0 

2 2 3 
0 3 

3 
sw - CF" - (D/a)(W"+ W)]' - a (p'+ pg) 

3 - DnJ"+(2-v) (W' '+ W)!' a y- 
3 a R =-- DfW'*+ W f (2-v) W " 7 '  

9 
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( 7 .  loa) 

(7. lob) 

(7.11) 

(7.12) 

8. !LIJ EXAMPLE OF TIB INADEQUACY OF THE EXTENDED D O h ? U  EQUATION 

Consider a horizontally cantilevered circular cyl indrical  s h e l l ,  

b u i l t  i n  at the end 

5 = 

4 = 0 and rcelded to a r ig id  insert  at the end 

Let the vert ica l  displacement of the insert be = L/a (Figure 2).  
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denoted by 

The dieplacement boundary conditions of the  s h e l l  a r e ,  a t  

and its ro t a t ion  about a hor izonta l  l i n e  by i$ . 
4 = 0, 

u = u  = W - W ' - O  
5 0  

and at - 4, 

U = - a $ c o s g ,  U R = -  b s i n  8,  W = b cos R 1  W'= a 9 cos e (8.2) 5 

Since t he  f i r s t  two of (8.1) imply that  

(8.2) t h a t  

and (7.14a),express the  boundary conditions i n  terms of W and F a s  

fol lous:  

U" = U' = 0, and the  f i r s t  two of 
5 9 

U**= a $ cos 0, u;; = - A COB 9, we say,  with the  a i d  of (7.13b) 
5 

a t  F = 0, 

CF"+(~+V)(F"+F)J' F' '-v(F"+F) W W' 0 

To simplify thiagc,  we &all set v = 0 and assume t h a t  the  only 

ex terna l  load is a bending Q O I I I ~ ~ I ~ ~  of magnitude 

and ac t ing  about a hor izonta l  ax is  . Furthermore, we shall take A = 2 i n  

< 7 = 1 ) .  

the  expreseions 

M appl ied to the i n s e r t  
* 

Under these  conditions o:ie e a s i l y  check8 by d i r e c t  s u b s t i t u t i o n  t h a t  

S8tiSfy t he  basic  d i f f e r e n t i a l  equation (7.1), a l l  the boundary conditions 

(8.3) and the f i r s t  two boundary conditions (8.4). 

* 
These two 6ilIIpliffCatfOnS preclude the exis tence of boundary l aye r s  at 
4 - 0  and E = & .  

v m  _ _ ~  
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The last two boundary conditions (8k) give the  following r e l a t i o n s  between 

the displacement and r .otation of the i n s e r t  and the  applied moment: .. 

where 

Equatfons (8.6) agree exac t ly  with the well-known r e s u l t s  of elementary beam 

theory  [ Z l ,  p. 1821. 

I = A a3 h is the  moment of i n e r t i a  about a ho r i zon ta l  diameter. 

Consider now t h e  so lu t ion  for  W predicted by the  extended Donne11 

equation, (2.10). With 

'd = w(gj cos Q 

(2.10) reduces t o  

( 8 . 8 )  4 w"" = 0 - 4w" + 4 p  v ' I 1 ) ( l I ( f  - & ' t l I l #  + 6 w 1 1 1 B  

We assrape, as found in t h e  above ana lys i s ,  that no boundary layers 

ate present Ln the so lu t ion  for w, i.e., that d i f f e r e n t i a t i o n  does not 

increase  orders  of magnitude. Then, s ince  $ > > 1, we are tempted t o  

rep lace  (8.8) by t h e  simpler equation 

" 1  I i 2 = 9  (8.9) 

* 
which, it can be shown , 

The replacement 

i.e9, prwiding t h a t  t h e  

leads  back t o  (8.5a). 

2 of ( 8 . 8 )  by (8 .9 )  is v a l i d  providing 

shell is not "too long". However, if R 2 , 
.t C C p , 

2 

the  inf luence  of t h e  w" - term in (8 .8 )  can no longer be neglected. 

Accordingly, w e  now match t h e  l a s t  two terms i n  (8.8) by introducing the  

scaled va r i ab le ,  

ri = S/P2 (8.10) 

* 
Evan though the so lu t ion  of (8 .9 )  contains only 4 a r b i t r a r y  constants,  it 
is never the less  possible,  for PO and the assumed type of loading, t o  satisfy 
a l l  eight of t h e  boundary conditions (83) and ( 8 . 4 ) .  
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rl 

.. 
-. 

so that (8 .8 )  assumes the form 

4 
+ . . *  - 0  3 d w  

4 d w  (8.11) 

The so lu t ion  of (8.11) may be wri t ten 

-4 where the e r r o r  estimate O(p ) is uniformly v a l i d  over t he  e n t i r e  range 

O s n < = .  

If we regard the moment M as given and the displacement and 

r o t a t i o n  I\ and ir, t o  be determined, then by t h e  conditions of o v e r a l l  

force and moment equilibrium of the s h e l l ,  it may be shown t h a t  the last two 
displacement bocndary conditions (8.4) at p = 4, can be replaced by the 
r ' O l k S f =  'bOUndaSy COdft20U8 tie G' 0 .  

(8.13) 

-4 Denoting the  right hand s i d e  of (8.12), less t h e  O(p > term, by wD, and 

f i t t i n g  w t o  the  t w o  of (8 .3 )  and (8.13), we obta in  D 
4 

w =: -- Mu (coh't? - 1)  
I) i E X h  (a. 14) 

which g i v s s  f o r  the vertical  displacement of t he  i n s e r t  

L 

*P 
M,4 [ c w h  (-) 2 - 1 3  % =  (8.15) 

The shortcoming of (8.15) is apparent, for as t h e  length L of t he  s h e l l  

increases  without l i m i z  ( for  f ixed  ap ), t h e  d i f f e rence  i n  end d e f l e c t i o n  

predictec! by the  extended Donne11 equation and tha t  predicted by elementary 

beam theory, (8 .e), increases  without l i m i t .  

2 



FIG. 1 GEOMETRICAL AND STRESS CONVENTIONS 



FIG. 2 BEAM-LIKE BENDING OF THE SHELL 
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